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From (J) and (e), WSf+4>6iP+ (-)(W=-6 V....{/) 






Therefore the Lagrangian equations of motion may ho written: 
dtV^^/ dt )~ dil' df ' dt V^/ dt) d4 d(l> ' 



NON-EUCLIDEAN GEOMETRY: HISTORICAL AND 
EXPOSITORY. 



BT QEOSOE BRUOS EALSTED, A. M-, (Prineetan) Ph. D., (Johns Hopkins); Member of the London 
Mathematical Society; and Professor of Mathematics in the University of Texas, Austin, Texas. 



fContinued from the February Number]. 

Ppoposition XIV. The hypothesis of obtuse amgle is inconsistent with 
Eitcli^s assumption: Two straight lines cannot enclose a space. 

Proof. From the hypthesis of obtuse angle, assumed as true, [and the 
first 28 propositions of Euclid], we have now deduced the truth of Euclid's 
Postulatum; that two straights will meet each other in some point toward those 
parts, toward which a certain straight, cutting them, makes two internal angles, 
of whatever kind, less than two right angles. 

But this Postulatum holding good, on which Euclid supports himself 
after the twenty-eighth proposition of his first book, it is manifest to all 
Geometers, that the hypothesis of right angle alone is true, nor any place left 
for the hypothesis of obtuse angle. Therefore the hypothesis of obtuse angle 
is inconsistent with Euclid's assumption. Quod erat demonstrandum. 

Otherwise, and more immediately. 

Since from the hypothesis of obtuse angle we have demonstrated 
(P. IX.) that two (fig. 11.) acute angles 
of the triangle APX^ right-angled at P, 
are greater than one right angle; it fol- 
lows that an acute angle PAD may be 
assumed such, ibat together with the 
aforesaid two acute angles it makes up 
two right angles. But then the straight 
AD must (by the preceding proposition, 
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joined to the hypothesis of obtuse angle) at length meet with this PZ, or XL, 
regard being had to the secant, or incident AP\ which is manifestly absurd 
against En. I. 17, if we regard the secant or incident AX. 

Proposition XV. By any triangle ABC, of tohich the thre/} angles 
{figt 13.) are together equal to, or greater, or less than two right angles, is estab- 
lished respectively the hypothesis of right angle, or ohtuse angle, vr acute angle. 

Proof. For anyhow two angles of this triangle, as 
suppose A, and C, will be acute, because of Eu. I. 17. 
Wherefore the perpendicular, let fall from the apex of the 
remaining angle B upon this A C, will cut this A C 
(Eu. 1. 17.) in some intermediate point D. 

If therefore three angles of this triangle ABC are 
supposed equal to two right angles, it follows that all the 
angles of the triangles ADB, CDB will be together equal 
to four right angles, because of the two additional right angles at the point D. 
This holding good, now of neither of the said triangles, as suppose ADB, will 
the three angles together be less, or greater than two right angles; for thus 
viceversa the three angles together of the other trianale would be greater, or less 
than two right angles. Wherefore (P. IX.) from one trianirle indeed would be 
established the hypothesis of acute angle, and from the other the hypothesis of 
obtuse angle; which is contrary to P. VI. and P. VII. 

Therefore the three angles together of cither of the aforesaid triangles 
will be equal to two right angles; and therefore (P. IX.) is established the 
hypothesis of right angle. Quod erat primo loco demonstrandum. 

But if however the three angles of tba proposed triangle ABC are 
taken greater than two right angles; now of the two triangles ADB, CDB all 
the angles together will be greater than four rignt angles, because of the two 
additional right angles at the point D. 

This holding good; now of neither of the said triangles will the three 
angles together be precisely equal to, or less than two right angles; for thus 
viceversa the three angles of the other triangle would be together greater than 
two right angles. Wherefore (P. IX.) from one triangle indeed would be 
established the hypothesis either of right angle or of acute angle, and from the 
other the hypothesis of obtuse angle, which is contrary to P.V,P.VI,and P. VII. 

Therefore the three angles together of lither of the aforesaid triangles 
will be greater than two right angles; and therefore (P.IX.) is established the 
hypothesis of obtuse angle. Quo<l erat secun<lo loco demonstrandum. 

But finally. If the three angles of the proposed triangle ABC are 
taken less than two right angles, now of the two triangles ADB, CDB, all the 
angles together will be less than four right angles, because of the two addition- 
al right angles at the ])oint D. 

This holding good; now of neither of the said triangles will the three 
angles together be equal to, or greater than two right angles; for thus vice- 
versa of the other triangle the three angles together would be less than two 
right angles. Wherefore (P.IX.) from one triangle indeed would be establish- 
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ed the hypothesis either of right angle or obtuse angle, and from the other the 
hypothesis of acute angle; which is contrary to P. V,P.VI, and P. VII. 

Therefore the three angles together of either of the aforesaid triangles 
will he less than two right angles; and therefore (P.IX,) is established the 
hypothesis of acute angle. Quod erat tertio loco demonstrandum. 

Accordingly by any triangle ABC, of which the three angles are 
equal to, or greater, or less than two right angles, is established respectiveli' 
the hypothesis of right angle, or obtuise angle, or acute angle. Quod erat 

prbpositum. 

CoKOLLARY. Hence, any one side of any proposed triangle being 
produced, as suppose .45 to AT, the external angle IIBC will be (Eu.I.13.) 
either equal to, or less, or greater than the remaining internal and opposite 
angles together at the points A and C, according as is true the hypothesis of 
right angle, or obtuse angle, or acute angle . And inversely. 

(.To be contlniied.l 



THE "IRBEBUCIBLE CASE." 



By J. E- ELLWOOD, A. M., Prinnpal Oolfax Sohool, Pittiburg, P». 



Problem. — To extract the eiibe root of a ■:^\/ —h. 

Put i^a+i/-b=m+n, and i/a-y^b=m-n. 

Then a+\/—b =m*+3wi*?i+3mn'+w', and a—>/—h =m*—3m*ii 
+3ot«*— m'. Hence a=7n^+3mn*, and iZ—h = Zm*n-\-n^. 

Example 1. Find the cube root of 9+25%/— 2. 

Herea=w'+3wiM* = 9=3' — 18. Hence 3»«»* =— 18, and n=%/— 2. 

To verify these values of m and n substitute tbem in %/— J =Zm*n 
+w»=25v'-2. Doinv this we have 27%/— 2 + (-2i/-2)=25i/-2. 

.'• 3 + i/— 2 is the required root. When the substituted values of m 
and n do not five the second term they are not correct, and other values must 
be found by trial. 

Example IS. Find the cube root of 2 |/11 + 30%/— 3. Here a-m^ 
+3mn*='2y'll =. (v''ll)»-9i/ll. 

Hence 3nin*==— 9|/11, and «=%/— 3. Since these values of m and n substitu- 
ted in 3m*n+n' give %/— J = 30%/— 3, the root is /ll + y/S. 

This method frequently enables us to simplify Cardan's formula for 
cuMcs in what is called the "irreducible case", said formula being 



X^Vg+y'iqt-p^) +l/g-^(g»-p3)\ 



